). Some statistical applications will be discussed in a separate paper later in the year. I* Preliminaries* Let H be a separable Hubert space; 31, a von Neumann algebra of bounded operators in H. It has been proved by von Neumann that H can be decomposed into a direct integral of Hubert spaces so that 21 is the (central) direct integral decomposition into factors (cf. von Neumann [13] 
I* Preliminaries* Let H be a separable Hubert space; 31, a von Neumann algebra of bounded operators in H. It has been proved by von Neumann that H can be decomposed into a direct integral of Hubert spaces so that 21 is the (central) direct integral decomposition into factors (cf. von Neumann [13] ). Let A and Λ t be two separable metric spaces; μ and μ 1 be two finite regular positive Borel measures on A and A 1 respectively. Let 26 T. R. CHOW in H and H x respectively. It can be proved (cf. J. T. Schwartz [11] ) that SI and % are spatially isomorphic if and only if there exist a pair A, Λ 1 of Borel subsets of A and A 1 respectively such that μ(A -A) = 0 and μ γ (A γ -AJ = 0 and a Borel isomorphism φ: A-+A 1 such that 2ί(λ) and 21(<p(λ)) are spatially isomorphic and such that μ o φ~ι is equivalent to μ t \ Λ Since direct integral decomposition is uniquely determined up to a set of measure zero, it can be assumed for our purpose A = A and A 1 = A λ . Hence the central decomposition is unique by the identification of A and φ (Λ) .
For the general theory, we refer to Dixmier's book (cf. Dixmier [1] ).
II* The equivalence of positive definite functions on groups* Let G be a separable locally compact group; M(G), the set of all finite Radon measures on G.
DEFINITION.
A continuous function p is said to be positive definite on G if for any sequence of g i9 i = 1,2,
, n and any sequence of complex numbers c if ί = 1,2, , w, the following is always satisfied (2.1) Σ PigJ^dCj ^ 0 .
It can be easily verified that p is positive definite on G if and only if 
18) (T*T)U. = U.(T*T) .
Hence T*T commutes with U s for all seG. Consequently Γ*Γ is in the center ^ of %f; i.e. T*T is a diagonal operator (cf. Step 2. To show: μ and v have the same set of atoms if p ~ σ. If p ~ σ, by step 1, U and Fare unitarily equivalent so that <%s and 2^~ are spatially isomorphic. As we remarked in the last part of § I, μ ~ v by the assumption of A -A γ . Since atoms are points, μ and v therefore have the same set of atoms. This completes the step 2.
Before we work on step 3, we shall introduce more notations. Let μ a and μ c be the atomic and nonatomic parts of μ respectively; v a and v c be those of v. Let Step 3. To show: If p -σ, then μ and y have identical nonatomic parts; i.e. μ c (D) = v c (jδ7) for all measurable subsets E of J. From above discussion, we may assume μ and v having only nonatomic parts by passing from the relation p ~ σ to ρ c ~ σ c . Suppose there exists a measurable subset E such that μ(E) Φ V(E). Given a sufficiently small ε > 0, there exists a measurable subset E of E of positive measure such that > for all λ e E. Since μ is nonatomic, we can partition E into a disjoint union of infinitely many measurable subsets of positive measures {E u E 2 , • }. Since T is an equivalence operator, μ{E^ Φ 0 implies v(Ei) Φ 0 for all i. Normalizing we obtain an orthonormal set {^}. Since by (2.19) , the definition of central Radon measures and μ ~ v,
This estimate increases to infinity as n goes to infinity. This contradicts to the fact that T is Hilbert-Schmidt.
Step 4. To show: If p -σ, then
As we remarked in step 3, we may reduce to the case where μ and v have only atomic parts. The set 31 is at most countable, for μ and v are finite. Then From a theorem of K. Fan (cf. Fan [3] ), it follows that
If H P (X) is infinite dimensional, then Tr(l -T*T(λ)) 2 is finite only when α(λ) = 1. Hence μ(X) = v(X) if p -σ and i?^(λ) is infinite dimensional. When H P (X) is finite dimensional, then Tr (1 -T*T(λ)) 2 = d(a)(l -a(X))
2 . Hence
1 -T*T is Hilbert-Schmidt, therefore (2.27) is finite. We have proved Theorem 1. Theorem 1 has a converse which we shall state in the following: THEOREM 
If U and V of the last theorem are unitarίly equivalent, and if the corresponding central Radon measures, μ and v satisfy conditions (i), (ii) and (iii), then p -σ.

Proof is immediate.
Ill* Positive definite functions on homogeneous spaces* Let G be a separable locally compact group; H, a closed subgroup of G; X, the space of the right cosets; x 0 , be the point of X which corresponds to the identity coset H; and finally let M(X) be the set of all finite Radon measures on X. Then positive definite functions on X x X can be properly defined in the following way:
1. DEFINITION. A continuous function p on X x X is said to be positive definite if for all a in M(X) (3.1) or alternatively, (3.1') Σ Pfaf xsfa&s ^ 0 for any sequence of points x i9 i = 1, 2, , n and any sequence of complex numbers c i9 i = 1, 2, , n.
DEFINITION.
A positive definite function p is said to be G-invariant if, for any g in G, (3.2) £(<?£, flrj/) -£(α, y) .
3. Group representations and group invariant positive definite function: Let p be a positive definite function on X x X which is also group-invariant. Let
Then by completing M(X)/Nfi, we obtain again a Hubert space H$ with an inner product given by (3.4) 
Bt(a, β) = J j/δ(», y)a(dx)β(dv) .
With the group-invariance property, Λfy is invariant under the action of G, i.e., if aeNp, then the left translates a g of a also are in JV^. This translation gives rise to a unitary transformation U g ,geG on Hi in a similar way as in the group case (cf. §11. 2). Moreover, {U,H£) is a unitary representation of G. 5. Relation between positive definite functions on groups and those on homogeneous spaces: By using the same technique as used in § II, we may obtain the necessary and sufficient conditions for p and σ to be equivalent. However, we shall establish them through investigation of the relation between the positive definite functions on groups and those on the homogeneous spaces. Let (U, Ht) be the unitary representation of G associated with a G-invariant positive definite function p on X x X. Let ξ e H$ be the element corresponding to δ XQ , the Dirac point mass at x 0 . Then for any seG,
DEFINITION. We call (U, H
(3.5) defines a positive definite function σ on the group G which satisfies:
Since x 0 remains fixed under the action of H, p satisfies
for all h]_ and h 2 in H. We thus have the following lemma. LEMMA 
For any G-invariant positive definite function p on X x X, there corresponds a positive definite function p on G which is constant on double cosets of H; i.e., (3.7) is satisfied.
We shall prove the following lemma before we can establish a converse form of Lemma 3.1. Proof. Since p(e) is positive and finite, it can be assumed that p(e) = 1. According to the theory of group representations (cf. Naimark, [10] Godement [5, 6] ) there exists a vector ξ in some Hubert space L such that (3.9) p (8) 
where ( , ) is the inner product in the Hubert space L and (U, L) is a unitary representation of the group. Let k e K. Then it can be proved that
So for any h,keK 
So K is the largest closed subgroup such that p is constant on double cosets of K. (3.6) defines a G-invariant positive definite function as it can be easily verified.
Combining the preceding three lemmas, we have the following theorem. THEOREM (3.6 ) a positive definite function p on G such that H -{x: ρ(x) = ρ(e)}.
Let G be a separable locally compact group. Each positive-definite function p on G gives rise by (3.6) to a G-invariant positive definite function β on (G/H) x (G/H) where H is the set of all x in G such that p(x) = p(e). Conversely, to any G-invariant positive definite function p on (G/H) x (G/H) there corresponds by
5
. Let G and H be the same as before; r, the canonical mapping from G to G/H = X. Then a subset E of X is measurable if and only if τ~\E) is measurable in G (cf. Mackey [11] ). According to the theory of decomposition of measure (cf. Halmos [7, 8] , von Neumann [12] , Dieudonne [2] , Mackey [9] ), for any finite Radon measure a on G, there is a measure a in X such that for all measurable EczX (3.11) ά
(E) = a(τ~\E))
and
where a x is a finite Radon measure on G which only lives on the coset x; f, a function in L 1 (X, a) ; and g, a bounded measurable function on G. Conversely, ά certainly defines a measure on G. If p is a positive definite function on G which is constant on H, then p{t~ιs) -ρ(sx 0 , tx 0 ) = β (x, y) . By generalizing (3.11) and (3.12) to the two dimensional product measures (cf. Mackey [9] Proof. It is known that if G acts ergodically on X and satisfies the above hypothesis, then X has dense orbits; in fact μ{x I Gx Φ X] = 0 .
Hence applying Corollary 4.1, we prove the corollary.
Thanks are due to Professor J. Feldman for his many valuable suggestions.
